In this paper, we present a new numerical method for nonlinear vibrational analysis of Euler-Bernoulli beams. Our approach is based on the continuous Galerkin-Petrov time discretization method. The Euler-Bernoulli beam equation which governs its vibrations is transformed into set of ordinary differential equations and the presented method is employed in order to investigate the vibrational response. A comparison is made between present method and different other methods available in literature. It is observed that the obtained results are in strong agreement with other results in literature. We conclude that the present method has a great potential to deal with nonlinear vibration analysis problems of beams and related structures like rods and shafts.
INTRODUCTION
In the design and fabrication of many engineering structures and machines, vibrational analysis and dynamical response of structures like beams (or rods or shafts) are important factor to investigate in order to increase the performance of these structures. For the analysis of complex engineering structures like bridges, tall buildings, vehicle guide-ways, huge cranes, turbines and compressor blades, beams can be used as simple model. The dynamical response of beams is governed by linear as well as nonlinear differential equations both in space and time. To study their behavior it is therefore important to design methods for the numerical solutions of these partial differential equations. In this respect, recently some approximate analytical techniques (see for instance, Bayat et al., 2010; Baghari et al., 2014; Jafari et al., 2014; Bayat et al., 2011; , Ganji, 2012; He, 1999; He, 2006; Khan et al., 2012; Liu and Gurram, 2009; Mirgolbabaei et al., 2010; Sfahani et al., 2011) as well as numerical methods by Lai et al. (2008) (see also, Boukhalfa et al., 2010 Ganji et al., 2011) and references therein, have been proposed to investigate the nonlinear vibrations of beams for designing and fabrication purpose. The theory of Euler-Bernoulli beams which is based on the assumption that beam curvature is related to its bending moment provides a good explanation of long isotropic bar's bending behavior. Several methods have been proposed for obtaining solution to the nonlinear equations of motions governing the Euler-Bernoulli beam's response. Nonlinear vibrations of the Euler-Bernoulli beam has been investigated by Barari et al. (2011) using the Variational iteration and parameterized perturbation methods. Nikkar et al. (2014) studied the nonlinear vibration response of Euler-Bernoulli beam by approximate analytical techniques where they utilized Variational He's approach and Laplace iteration technique in order to solve the respective nonlinear governing equations. Pakar and Bayat (2013) applied a max-min approach, also by He, to investigate the nonlinear vibrational response of Euler-Bernoulli beams subjected to an axial load. Nonlinear behavior of Euler-Bernoulli beam with different end conditions has also been studied by Rafieipour et al. (2014) using Laplace iteration method. Lindstedt-Poincare techniques for non linear vibrational analysis have been employed to double-clamped and simply-supported beams subjected to an axial load by Ahmadian et al. (2009) . Javanmard et al. (2013) used He's Energy method in order to get solution of nonlinear vibration problem of Euler-Bernoulli beam subjected to axial loads. A similar study has been performed earlier by Pirbodaghi et al. (2009) but with homotopy analysis method. The nonlinear equation of motion for large amplitude free vibrational analysis of Euler-Bernoulli beam resting on variable elastic foundation was solved by Mirzabeigy and Madoliat (2016) with the application of second order homotopy perturbation method. Moreover, the nonlinear vibrational response of EulerBernoulli beams with geometric nonlinarity and subjected to axial loads was computed by Johnson et al. S. (2014) where they used a differential transform and two auxiliary parameter based homotopy analysis techniques.
Here, in this article, we present a new approach to solve equations of motions governing the dynamics of Euler-Bernoulli clamped-clamped-beam which is fixed from one end. This article is organized as follows. In Section II, a mathematical framework governing the nonlinear vibrations of Euler-Bernolulli beam is presented. In Section III, continuous Galerkin-Petrov time-discretization method is developed. In Section IV, the developed method afterwards applied to the governing equations of Euler-Bernoulli beam presented in Section II. In Section V, simulations data and numerical results are discussed. In last Section, conclusions are drawn based on the obtained simulation results in Section V.
MATHEMATICAL FORMULATION
Let us consider a straight beam composed of homogeneous material having length L, placed on an elastic foundation with modulus of elasticity as E. The beam is experiencing an axial force F as shown in Figure 1 , below. Let 'A' be the cross-sectional area of beam which is assumed to be uniform throughout its length. Further, suppose that there is no in plane deformation i.e. the planes of the cross section remains plane after deformation. Now by ignoring the transverse normal and shear strains one can write the equation of motion of the Euler-Bernoulli beam including the mid-plane stretching effect as follows 
where, d is the coefficient of viscous damping, K is the stiffness of foundation and t) q(x, is the transverse directional load. In the absence of non-conservative forces above equation (1) 
In order to undimensionalize the above equation we choose the following variables , and , , ,
where, G r is the gyration radius of the cross-section of the beam. Using equation (3) Moreover, in order to complete the above problem description, the beam is subjected to following initial conditions
where A is the amplitude of oscillation. Equation (5) along with initial conditions in Equation (6) governs the nonlinear vibrational response of Euler-Bernoulli beams.
DESCRIPTION OF CONTINOUS GALERKIN-PETROV TIME-DISCRETIZATION METHOD
In this section, we present a time discretization method to solve nonlinear equations governing the dynamics of Euler-Bernoulli beams. It is easy to see that Equation (5) can be transformed into a system of nonlinear differential equations of the following form
Where,
and f denotes the vector of unknown-state variables and vector comprising non-linear functions in both time and space, respectively. Here,  is the first order time derivative of .
 In order to develop a numerical method to solve such dynamical systems, here, we use the concept of a Galerkin-type formulation and time-discretization. Let S be a space of all possible solutions to set of nonlinear differential equations in Equation (7). We search a vector of unknown states
By choosing  as a test space the problem in Equation (8) can be formulated as follows:
Equation (9) 
In order to compute the vector of state variables ) (t U at time interval I n , we choose
as a set of basis functions. Here,
The vector of state variables U(t) in Equation (5) is thus approximated by
Where, j n u are vector elements in Hilbert space S H Global vector of state variables
as a discrete approximation of the test function V(t), then the weak problem in Equation (9) takes the following Variational form which states: 
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To define Basis functions in Equation (14), a mapping
is used which maps the
The basis functions defined on physical time interval n Ι can now be calculated in natural time interval as Since, it is easy to deal with natural-time interval Î, thus Equation (14) is reconstructed into 
with initial conditions as described in Equation (16). 
Computation of Parameters
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APPLICATION TO GOVERNING EQUATIONS OF EULER-BERNOULLI BEAMS
The method presented in Section 3 is applied to motion equation in Equation (5) and the obtained discrete set of equations are solved using numerical algorithm outlined as under Numerical Algorithm:
Step 1: Initialize the known parameters and 
Step 2: Choose a time step size n 
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Step 3: Set the initial conditions at time n t as 0 , Step 7: Compute the solution at time step n t by equation (11) Step 8: Update the solution for the next time iteration by . ,
Step 9: Update the time step n n n t t
  
Step 10: Go to Step 4. Table 1 and Table 2 , a comparison is made between the presented method and four different methods, with semi-analytical approach by Barari et al. (2011) , with a semi-analytical method by Nikkar et al. (2014) , with semi-analytical approach by Johnson et al. (2014) and with numerical method RK-4. It is seen that the computed values of deflection at the center of the beam for different values of maximum amplitude of oscillation are in strong agreement with the results by these methods. In Table 3 Barari et al. (2011) . Error-III is obtained by taking the existing solution form the method by Nikkar et al. (2014) . In all of these calculations the errors are shown for three different amplitude of oscillation of beam over a wide range of time. From Table 3 , it can be clearly seen that the results by present method converges closely to other results in literature and are in strong agreement. (5) Table 2 : Differences between the time marching solution of equation (5) Figure 3 , time marching deflection response over a wide range of time is shown where the result obtained from present method is graphically compared with the result computed from semianalytical approach by Nikkar et al. (2014) . In Figure 4 , the time marching response of deflection by present method is compared with the solution of deflection response of center of the beam by Barari et al. (2011) . It can be observed from these two Figures that the center of the beam shows same deflection behavior for a large time period as depicted by the semi-analytical approaches in literature. A parametric study is carried out to observe time marching response of the central deflection of beam. In Figure 5 and Figure 6 , the central deflection of beam is observed with varying the parameters  and. The initial maximum amplitude of vibration was chosen to be 1.0 and a time step size of 0.005 for the calculation by the presented method. By varying the parameters  and ,  an increase in the maximum amplitude of vibration is seen as the time marches. In Table 4 , a comparison is made between the accumulated errors by classical numerical scheme RK-4 and present method. Also the accuracy of solution by both of the numerical methods is shown for two different time step sizes. In all the computations of accumulated errors in Table 4 the reference solution by Johnson et al. (2014) is taken into consideration. It is observed that our present numerical method is more accurate in predicting the solution over the classical RK-4 method. This is highly due to the fact that present method does not involve iterative time integration and therefore have less accumulated errors as shown in Table 4 . Moreover, it is observed that that the accumulated error decreases with an increase in the time step size for both the classical RK-4 and present method. Barari et al. 2011 , Nikkar et al. 2014 and Johnson et al. 2014 in literature and also with classical numerical scheme RK-4. It is worthy of noting that the present scheme does not involve iterative time integration like other methods in literature and thus no associated accumulative errors. Therefore, it is capable to provide accurate results with high accuracy and convergence characteristics as can be seen by the presented results and thus can be utilized to compute dynamical response of structures like rods and shafts. We conclude that the present method has great potential in dealing with nonlinear vibrational response of beams and similar structures like rods and shafts. 
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